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Abstract
We give the topological classification of three-dimensional closed orientable manifolds admitting
Morse–Smale diffeomorphisms without heteroclinic curves: these manifolds are either the three-
dimensional sphere or connected sums of S2 × S1’s and we give a formula relating the number of
sinks, sources and saddle periodic points to the topology of the manifold.  2002 Elsevier Science
B.V. All rights reserved.
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Introduction
Let f :M →M be a Morse–Smale diffeomorphism on a smooth closed orientable 3-
dimensional manifold M . We denote by Ω(f ) the non-wandering set, which is also the
set of periodic points of the diffeomorphism f . A saddle periodic orbit in Ω(f ) has stable
manifold of dimension one or two.
When one tries to classify the topological dynamics of Morse–Smale diffeomorphisms,
one of the difficulties arises from the intersections between stable and unstable manifolds
of the different saddles. Following the different authors in the literature, either these
intersection points are called “heteroclinic orbits” (without any other requirement) or this
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terminology is reserved to intersections between the invariant manifolds of saddle points
whose stable manifolds have the same dimension. In order to avoid any ambiguity, we
call here heteroclinic points the (transverse) intersections of stable and unstable manifolds
of different saddle points in Ω(f ) having the same dimension of their stable manifold,
and we call heteroclinic curve any curve contained in the intersection of the bidimensional
unstable manifold of a saddle orbit and the bidimensional stable manifold of another saddle
orbit.
In this work, we attempt to characterize those manifolds which admit Morse–Smale
diffeomorphisms without heteroclinic curves. We get that an orientable 3-manifold admits
a Morse–Smale diffeomorphism without heteroclinic curve if and only if it is either a
sphere, or the connected sum of finitely many copies of S2 × S1. More precisely:
Theorem. Let M be a three-dimensional closed, connected, orientable manifold. There
exists a Morse–Smale diffeomorphism without heteroclinic curve on M admitting k saddle
periodic points and l sinks and sources if and only if M is the sphere if k = l − 2, or M is
the connected sum of 12 (k − l + 2) copies of S2 × S1.
In the theorem above and in the following, we call a sink an attracting periodic point
(and not an orbit). In the same way, a source is a repelling periodic point. Recall that the
connected sum M1#M2 of two oriented connected manifolds M1 and M2, is the manifold
obtained by choosing disks Di ⊂Mi and by gluing the manifolds Mi \Di (i = 1,2), by
a diffeomorphism between the boundaries which reverses the natural orientation on the
boundaries.
The result of the theorem in the case of Morse–Smale vectorfields without heteroclinic
curves and without periodic orbits on 3-manifolds is clear for specialists, and so our result
can be interpreted as follows: the 3-manifolds admitting Morse–Smale diffeomorphisms
without heteroclinic curves are the same which admit Morse–Smale vectorfields without
heteroclinic curves and periodic orbits. This is in some way surprising because Morse–
Smale diffeomorphisms present a very different behavior:
• The invariant manifolds of the saddles, without any heteroclinic points or curves, may
induce wild arcs and wild spheres (see [4,1]).
• Here we allow infinitely many orbits of heteroclinic points, and we avoid only
heteroclinic curves.
The key of the proof of the theorem will be the following result which describes the
topological nature of the neighborhoods of the wild spheres which appear in our context.
Proposition 0.1. Let η :S2 → M be a topological embedding of the two-sphere which
is a smooth immersion everywhere, except at one point and let Σ = η(S2). Then any
neighborhood of Σ contains a neighborhood of Σ diffeomorphic to S2 × [0,1].
We thank the referee for his suggestions which simplified the proof of Proposition 0.1.
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1. Proof of the theorem
Let us assume for a while that Proposition 0.1 is proved and let us turn to the proof of
the “only if” part of the main theorem, which we now recall:
Proposition 1.1. Let M be a three-dimensional closed, orientable manifold.
If there exists a Morse–Smale diffeomorphism without heteroclinic curve onM admitting
k saddle periodic points and l sinks and sources then, either M is the sphere if k = l − 2,
or M is the connected sum of 12 (k − l + 2) copies of S2 × S1.
Proof. Let M be an oriented closed connected 3-manifold and let f be a Morse–Smale
diffeomorphism without heteroclinic curve on M admitting k saddle periodic points and l
sinks and sources. Up to considering some iterate of the diffeomorphism f , we can assume
that f preserves the orientation of M , that Ω(f ) consists of only fixed points and that the
separatrices of all saddle periodic points are invariant under f (we recall that a separatrix
of a saddle point p ∈Ω(f ) is a connected component of Ws(p) \ {p} or Wu(p) \ {p}).
Clearly, if there are no saddle fixed points, then M is the 3-sphere and f is conjugated to
the classical North–South dynamics. So let us suppose that the set of saddles is not empty,
and that, for instance, it contains a saddle with a two-dimensional unstable separatrix. Let
us show that among saddle fixed points belonging to Ω(f ) there is one such point whose
two-dimensional separatrix does not intersect any other separatrices of any saddles.
Recall that Smale order on the set of saddle fixed points is defined in the following
way [5]
p ≺ q if and only if Wu(p) ∩Ws(q) = ∅.
Since Morse–Smale diffeomorphisms have no homoclinic point, this order is strict.
Moreover, as by hypothesis, f has no heteroclinic curve, if p ≺ q and dim(Wu(p)) = 2
then dim(Wu(q))= 2. Let p0 be a maximal point for ≺ in the subset of saddle points with
two-dimensional unstable manifolds. Then the unstable manifold of p0 does not intersect
any separatrix of any other saddle point.
Then there exists a sink ω ∈Ω(f ) such that the separatrix Wu(p0) \ {p0} is contained
in Ws(ω). Let us call Σ =Wu(p0)∪ω. Notice that Σ is the one point compactification of
Wu(p0), which is a smooth embedding of the plane R2. As a consequence, there is a map
η :S2 →M which is a diffeomorphism everywhere except may be at one point s0 ∈ S2
such that η(s0) = ω. Notice that Σ is a topological (non-transitive) attractor, so that we
can choose an open neighborhood V of the surface Σ such that f (Cl(V )) ⊂ V (where
Cl(V ) denotes the closure of V ) and ⋂i0 f i(Cl(V ))=Σ . By Proposition 0.1 there is an
open domain K with Cl(K)⊂ V and such that:
(1) Σ ⊂K;
(2) the boundary of K consists of surfaces S1, S2 diffeomorphic to S2;
(3) Cl(K)=K ∪ S1 ∪ S2 is diffeomorphic to the closed domain in R3 bounded by two
concentric spheres.
Since K is a neighborhood of Σ there is l0 ∈ Z+ such that f l0(V ) ⊂ K and thus
f l0(Cl(K)) ⊂ K . We set g = f l0 . Let us remove the domain K from the manifold M .
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We get a compact manifold having two boundary components S1 and S2. Let us denote by
M1 the compact manifold without boundary, obtained from M \K by gluing two closed
3-disks A1 and A2 along the boundary components S1 and S2. By a classical process, we
can construct a Morse–Smale diffeomorphism g1 :M1 →M1 such that g1 coincides with
g on M \K and has exactly two attracting fixed points ω1 ∈A1, ω2 ∈A2 and has no other
periodic points in A1 ∪A2.
Let us remark that the diffeomorphism g1 has the same number of fixed points as g (and
so as f ) and its number of saddle fixed point is k−1. Thus the number of sinks and sources
is l + 1.
We will now prove the announced formula by induction on k. If k = 0 the manifold is
S3 and f has exactly one sink and one source, so the formula is correct.
Now we consider k > 0 and we assume that the formula has been proved for k′ < k. We
have two possibilities:
1. If M \K is not connected, then M1 is the disjoint union of two manifolds M˜1 and
M̂1 and M is the connected sum M˜1#M̂1.
We denote by g˜1, respectively ĝ1, the restriction of the diffeomorphism g1 to the
manifold M˜1, respectively M̂1. In the same way we write k1 = k˜1 + kˆ1 = k − 1 the
number of saddles of g1 and l1 = l˜1 + lˆ1 = l+ 1 the number of sinks and sources. As
both k˜1 and kˆ1 are (strictly) less than k we can apply the induction formula, giving
that M˜1 and M̂1 are connected sums of (respectively) 12 (k˜1− l˜1)+1 and 12 (kˆ1− lˆ1)+1
copies of S2 ×S1 (or are equal to S3 if these numbers are zero). As a consequenceM
is the connected sum of 12 (k˜1− l˜1)+1+ 12 (kˆ1− lˆ1)+1 = 12 (k1− l1)+2 = 12 (k− l)+1
copies of S2 × S1 (or S3 if this number is zero). Thus the formula is correct in that
case.
2. If M \ K is connected, then M1 is connected and M = M1#M∗, where M∗ is
diffeomorphic to S2×S1 (see, for example, [2]). As above we write k1 the number of
saddles and l1 the number of sinks and sources of g1. As k1 = k− 1 we can apply the
induction formula giving that M1 is either S3 if 12 (k1 − l1)+ 1 = 0 or the connected
sum of 12 (k1 − l1)+ 1 copies of S2 × S1. Since 12 (k− l)+ 1 = ( 12 (k1 − l1)+ 1)+ 1,
we get that M (in both cases) is the connected sum of 12 (k− l)+ 1 copies of S2 ×S1,
so that the formula is also correct in this case. ✷
A sphere Σ embedded in a 3-manifold M is said regularly embedded in M , if
there is a homeomorphism h :S2 × [−1,1] → M such, that h(S2 × {0}) = Σ , where
S2: x21 + x22 + x23 = 1 is the standard unit sphere in R3 and (x1, x2, x3) are coordinates in
R
3
. We say that M is irreducible if any 2-dimensional sphere Σ ⊂M regularly embedded
in M bounds 3-dimensional disk. The manifold M is said simple if M is closed and if M
is either irreducible or homeomorphic to S2 × S1.
It was shown by Kneser and Milnor, see [3], that any orientable closed 3-dimensional
manifold can be decomposed into the connected sum of simple manifolds and the
decomposition is unique.
A consequence of Proposition 1.1 is the following remark:
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Remark 1.2. If a manifold M contains in its decomposition at least one irreducible mani-
fold, which is not homeomorphic to the 3-sphere, then any Morse–Smale diffeomorphism
defined on M necessarily has heteroclinic curves.
Let us turn to the proof of the “if” part of the main Theorem which is a direct
consequence of the following:
Lemma 1.3. Let m ∈ Z+ a non negative integer, and let M be the 3-sphere if m = 0, or
the connected sum of m copies of S2 × S1 if m> 0. Then for any non-negative integers k
and l such that k = l+2m−2, there exists a Morse–Smale vectorfield without heteroclinic
curve and without regular periodic orbit on M admitting k saddle points and l sinks and
sources.
Proof (Sketch). The construction of Morse–Smale flows (with k saddles, l sinks and
sources and without heteroclinic curves) on M is almost an exercise so that we will only
give the main steps of the construction:
First consider the case of the sphere: take any non-negative integer k and set l = k + 2.
There is a Morse–Smale flow X0 on the compact 3-ball B pointing inward transversally to
the sphere S = ∂B and having exactly k + 1 sinks and k saddles having a 2-dimensional
stable manifold (and no periodic orbit): the attracting set in the ball B is a smooth compact
arc σ formed by the sinks and by the unstable manifolds of the saddle points. Denote by
X1 a flow on the ball B pointing outward transversally to S and having a unique source
inside B (and no periodic orbit). By gluing two copies of the ball B one endowed with X0
and the other endowed with X1 we get the 3-sphere S3 with a Morse–Smale vectorfield
without heteroclinic curves and without periodic orbits and having exactly l sources and
sinks and k saddles.
Now assume that M is the connected sum of m > 0 copies of S2 × S1. Notice that
M is obtained by gluing two copies of the handlebody (“bretzel”) Bm of genus m by a
diffeomorphism of its boundary Sm = ∂Bm which is isotopic to Identity. We fix a family
d1, . . . , dm of disjoint disks, transverse to the boundary, and such that the manifold with
boundary obtained by cutting Bm along the family of disks di is homeomorphic to a 3-ball.
Let us denote by γi the boundary of the disk di .
For any k m one easily builds a vectorfield Xk having the following properties:
• The vectorfield X is pointing inward transversally to Sm.
• X has exactly k saddles and k −m+ 1 sinks and no periodic orbits.
• For any saddle σ the stable manifold Ws(σ) is a compact disk transverse to the
boundary Sm and the curve induced on Sm is isotopic to one of the γi’s.
• For each i , there exists a saddle σ of Xk such that Ws(σ) intersects Sm into a closed
curve isotopic to γi .
Then we denote by Γk the family of closed curves on Sm induced by the stable manifolds
of the saddles of Xk .
Now consider any k  2m and write k = k1 + k2 where ki m, i = 1,2. We consider
two copies of Bm one endowed with the vectorfield Xk1 and the other endowed with the
340 C. Bonatti et al. / Topology and its Applications 117 (2002) 335–344
vectorfield Xk2 . Now, Γk1 and Γk2 are two families of closed disjoint curves of Sm such
that for any curve in Γk1 (respectively, Γk2 ) there is a curve in Γk2 (respectively, Γk1 ) in the
same homotopy class. As a consequence there is a diffeomorphism φ, isotopic to identity,
such that all the curves in φ(Γk1) are disjoint from the curves in Γk2 . Finally we glue the
vectorfieldXk1 with the vectorfield—Xk2 using the diffeomorphismφ and we get a Morse–
Smale vectorfield X without heteroclinic curves and without periodic orbits on a closed
3-manifold diffeomorphic to M . Moreover X has exactly k1 saddles with 2-dimensional
stable manifolds, k2 saddles with 1-dimensional stable manifolds, l1 = k1 −m+ 1 sinks
and l2 = k2 −m+ 1 sources. ✷
2. Proof of Proposition 0.1
Let η :S2 →M be a topological embedding of the two-sphere S2 which is a smooth
immersion everywhere, except at one point s0 and let Σ = η(S2). Let x0 = η(s0) and fix a
point y0 ∈Σ \ {x0}. Let V be a neighborhood of Σ . The proof of Proposition 0.1 uses the
following result:
Lemma 2.1. There exists a sphere S bounding a 3-ballD contained in V such that x0 ∈D,
S is transverse to Σ , S ∩Σ consists of exactly one smooth closed curve which separates
in Σ the points x0 and y0.
Let us conclude the proof of Proposition 0.1 before proving Lemma 2.1.
End of the proof of Proposition 0.1. Let S ⊂ V be a sphere transverse to Σ , bounding
a 3-ball D in V such that x0 ∈ D and y0 /∈ Cl(D), and such that the intersection S ∩ Σ
consists in a unique closed curve γ (separating x0 from y0 in Σ). Let ∆ denote the
component of Σ \ γ containing y0. Its closure Cl(∆) is a smooth compact disc meeting
transversally S along ∂∆= γ . Let φ : Cl(∆)× [−1,1]→ V be a smooth embedding such
that φ(γ × [−1,1])⊂ S and inducing the identity on Cl(∆) by restriction to Cl(∆)× {0}
(φ is a tubular neighborhood of Cl(∆)). For any ε ∈]0,1] let Aε denote the annulus
φ(γ × [−ε, ε]) ⊂ S and let d−ε and dε denote the components of S \ Aε bounded
respectively by φ(γ × {−ε}) and φ(γ × {ε}). The closure of d−ε and dε are two disjoint
compact disks which are disjoint from Σ .
We write
S−ε = Cl(d−ε)∩ φ
(
Cl(∆)× {−ε})
and
Sε = Cl(dε)∩ φ
(
Cl(∆)× {ε}).
Then S−ε and Sε are two 2-spheres embedded in V , which are disjoint one from the other
and from Σ . Now W = Cl(D) ∩ φ(Cl(∆)× [−ε, ε]) is a compact subset of V containing
Σ in its interior, whose boundary ∂W is S−ε ∪ Sε ; finally let us observe that W is obtained
from Cl(D) by attaching a handle on the annulus φ(γ × [−ε, ε]) and so is homeomorphic
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to S2 × [−1,1]. The announced neighborhood is obtained by smoothing the bounding
spheres S−ε and Sε . ✷
See illustration in Fig. 1.
Let us turn to the proof of Lemma 2.1. It runs in two steps. First, we build a sphere
S intersecting Σ into a finite number of simple closed curves separating x0 and y0, see
Lemma 2.2. Then we show that this number can be brought back to 1.
Lemma 2.2. There exists a sphere S bounding a 3-ballD contained in V such that x0 ∈D
and y0 /∈D, S is transverse to Σ , S∩Σ consists of a finite number of smooth closed curves,
each of which separates in Σ the points x0 and y0.
Proof. Choose an open 3-ball D0 whose closure lies in V , x0 ∈D0 and y0 /∈D0. Consider
any connected compact set Q ⊂ Σ such that (Σ \D0) ⊂Q. Consider an open 3-ball D
containing x0, whose closure lies in D0 and does not intersect Q, such that its boundary
S = ∂D intersectsΣ transversally into a finite number, denoted κ , of smooth closed curves.
If any curve in Σ ∩ S separates x0 from y0 then Lemma 2.2 is proved.
Suppose that there exists a curve γ in Σ ∩S which does not separate x0 and y0 in Σ . We
show that we can find a 3-ball D′ having the same properties as D and such that ∂D′ ∩Σ
has κ ′ < κ connected components.
The situation on Σ : γ bounds an open 2-disk ∆ in Σ which contains neither x0 nor y0.
We can even assume that ∆ is minimal, that is ∆∩ S = ∅ (for if it is not then any curve in
Σ ∩ S ∩∆ bounds a disk, one of which is minimal and can be taken as ∆).
Since γ does not intersect Q and Q is connected, Q is either contained in or disjoint
from ∆. But Q, to the contrary of ∆, contains y0, thus Q is disjoint from ∆ and its
boundary γ .
The situation on S: γ bounds two open 2-disks d1 and d2. Since ∆ is minimal, we can
assert that ∆1 = Cl(∆)∪Cl(d1) and ∆2 = Cl(∆)∪Cl(d2) are topological regular spheres.
Fig. 1.
342 C. Bonatti et al. / Topology and its Applications 117 (2002) 335–344
Those spheres are contained in D0, so that they bound 3-balls B1 and B2 contained in D0.
Notice that neither B1 nor B2 contains y0.
Recall that S is disjoint from Q, thus d1 and d2, and henceforth ∆1 and ∆2 do not
intersect Q. Since Q is connected and contains y , we have Cl(B1 ∪B2)∩Q= ∅.
We assert that B1 or B2 does not contain x0. In effect, if ∆ does not intersect D, then
either Cl(B1)= Cl(D)∪Cl(B2) and x0 is not in B2 or Cl(B2)= Cl(B1)∪Cl(D) and x0 is
not in B1. If ∆ is contained in D, we have Cl(D)= Cl(B1) ∪Cl(B2) and x0, which is not
on ∆ has to be either in B1 or in B2 (See Fig. 2).
Suppose x0 ∈ B2. The last step in the proof is very classical and consists in gloving the
tentacle B2. See Fig. 3.
Let S′ be the sphere as defined in Fig. 3. Then S′ intersects Σ into less than κ
components, since S′ ∩Σ ⊂ S ∩Σ and does not contain γ . ✷
End of the proof of Lemma 2.1. Let S be the set of all spheres satisfying Lemma 2.2
and let S ∈ S which has the minimum number of intersection curves with Σ . We call
{γ1, . . . , γk} the curves contained in the intersection Σ ∩ S. By contradiction, we assume
Fig. 2. The two possible positions for ∆.
Fig. 3. Gloving the tentacles.
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that k > 1. Up to renaming the γi ’s, we can suppose that Σ \ S =∆1 ∪∆2 ∪ · · · ∪∆k+1
(k  2) such that:
1. For all i = 1, . . . , k + 1, ∆i is closed and for all j = 1, . . . , k + 1, i = j , ∆i and ∆j
have disjoint interior;
2. ∆1 and ∆k+1 are 2-disks bounded, respectively, by γ1 and γk , and we have y0 ∈∆1,
x0 ∈∆k+1;
3. for 1 < i  k, ∆i is homeomorphic to the 2-annulus and is bounded by γi−1 and γi .
Consider the annulus ∆2 bounded by γ1 ⊂ S and γ2 ⊂ S. There exist two disks D1
and D2 contained in S, bounded by γ1 and γ2, respectively, disjoint one from the
other. Since y0 /∈ D, then ∆1 ∩ D = ∅ and we have ∆2 is contained in D. Then,
∆2 ∪D1 ∪D2 is a regular sphere embedded in D, so that it bounds a ball D′. There
are two cases:
(a) x0 belongs to D′. Then we can choose a sphere S′ close to ∂D′ and contained
in Cl(D′) satisfying all conditions of Lemma 2.2 and with less than k − 2
components in its intersection with Σ . For this, choose S′ composed with a disk
D′1 ⊂D1, a disk D′2 ⊂D2 and an annulus included in D′ and close to ∆2. Thus,
S′ ∩Σ ⊂ (D1 ∪D2)∩Σ , that is S′ ∩Σ ⊂ {γ3, . . . , γk}. Since S′ ∈ S we have a
contradiction with the minimality of k. See Fig. 4.
(b) x0 does not belong to D′. We choose an embedding φ of ∆1 ∪ ∆2 × [−1,1]
contained in V , such that φ((γ1 ∪ γ2)×[−1,1])⊂ S and φ((γ1 ∪ γ2)×[0,1])⊂
S \ (D1 ∪D2), and the restriction of φ to ∆1 ∪∆2 × {0} induces the identity on
the disk ∆1 ∪∆2. ✷
Notice that D′′ = D′ ∪ φ(∆2 × [0, ε]) is homeomorphic to the closed 3-ball: D′ is a
solid cylinder attached to S along the disks D1 and D2 and D′′ is a thickening of D′.
Let us denote W = D \ D′′; it is a topological manifold whose boundary is the torus
which is the union of the annuli A = φ(∆2 × {ε}) and S \ (D1 ∪ D2 ∪ φ(γ2 × [0, ε])).
We call A′ the annulus φ(∂∆1 × [ε,2ε]). Notice that A′ is isotopic to A in ∂W . Consider
Fig. 4. x0 belongs to D′.
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Fig. 5. x0 does not belong to D′.
W ′ =W ∪ φ(∆1 × [ε,2ε]). Its boundary is a sphere S′ obtained by gluing on the annulus
∂W \ A′ the two disks φ(Cl(∆1) × {ε}) and φ(Cl(∆1) × {2ε}). This sphere S′ cuts
transversally Σ into less than k − 2 components and x0 ∈W ′. See Fig. 5.
To finish the proof of the lemma it is enough to show that W ′ is a ball. For that just
notice that D is obtained from W by attaching a handle along the annulus A and that W ′
is obtained from W by attaching a handle along the annulus A′ and finally that A and A′
are isotopic on ∂W . So D and W ′ are homeomorphic.
We have then proved that S′ ∈ S and this contradicts the minimality of k.
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